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Abstract

A semiempirical model for bacterial growth and bioleaching ofAcidithiobacillus spp. was developed based on the concept of transport
phenomena. Only one mathematical equation and three parameters evaluated from the experimental data are required to describe the
complicated bioleaching process, regardless of the source and concentration of the microorganism, the concentration, composition, and
physical characteristics (particle size, shape, distribution, and porosity, etc.) of the solid substrate, the concentrations of the leaching
products and byproducts, and the leaching conditions (pH, temperature, agitation, etc.). In order to evaluate the semiempirical model,
five kinetic models proposed previously were compared. The results of mean deviations show that our model fits their experimental data
explicitly well, even better than the corresponding models. Furthermore, the semiempirical model can be successfully used to predict the
bacterial growth and bioleaching behaviors in different leaching systems, i.e. direct, indirect, direct and indirect, and simultaneous leaching.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Microorganisms play an important role in the sulfur cy-
cle in the biosphere.Acidithiobacillus spp. (e.g.,A. thioox-
idans andA. ferrooxidans), which are capable of chemoau-
totrophic growth using energy obtained from the oxidation
of inorganic sulfur compounds, has been the most widely
considered group of microorganism in terms of bioleaching
applications due to their acidophilic characteristics[1,2]. In
extremely acidic conditions, metals in contaminated soils are
solubilized due to the destruction of metal–soil complexes.
The bioleaching mechanism ofA. ferrooxidans follows the
direct and indirect processes, whereas that ofA. thiooxidans
only adopts the indirect approach[3–7]. The direct process is
a result of direct bacterial attack on sulfide minerals, whereas
the indirect one involves ferric iron which acts as a chemical
leaching agent and is supplied by regeneration from the re-
action product (ferrous iron) through biological oxidation by
A. ferrooxidans. The contributions of the two leaching mech-

� The C/C++ programs of the semiempirical model proposed in this
study and of the kinetic models proposed previously are available on
request.
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anisms depend strongly on the types of sulfide mineral and
on the operating conditions. Although the bacterial leaching
techniques have been intensively applied to the recovery of
copper and uranium from low-grade ores and the removal
of pyrite sulfur from coal, the kinetics of bioleaching due to
the direct and indirect mechanisms are poorly understood.

Although useful information is available on the mecha-
nism of the sulfur oxidation by the acidithiobacilli[8–10],
little work has been done to investigate the kinetics of the
bacterial sulfur oxidation as well as the kinetics of the di-
rect and indirect bioleaching. The microbial oxidation of
elemental sulfur is considered to take place with the adsorp-
tion of bacteria onto the solid substrate and their subsequent
growth on the solid surface. Furthermore, some researchers
have centered on the adsorption of acidithiobacilli onto
elemental sulfur[11–13]. However, the amounts of cells
attached to the surface of solid substrate are considered to
be relatively insignificant compared to those suspended in
the liquid medium.

Many kinetic models have been proposed to investigate
the bioleaching of metal sulfide concentrates byA. ferroox-
idans [14,15], the growth and elemental sulfur oxidation
in batch culture ofA. ferrooxidans [16], the batch bacterial
dissolution of pyrite particles byA. ferrooxidans [17], the
elemental sulfur oxidation byA. thiooxidans in batch slurry
reactors[18], and the simultaneous leaching of zinc sulfide

1385-8947/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.cej.2003.10.010



78 H.-L. Liu et al. / Chemical Engineering Journal 99 (2004) 77–87

Nomenclature

aB surface area covered by unit cell (m2/cell)
A total surface area of solid particles (m2)
AL constant forXL estimation (dimensionless)
AM constant forM estimation (dimensionless)
AT constant forXT estimation (dimensionless)
BL constant forXL estimation (per day)
BM constant forM estimation (per day)
BT constant forXT estimation (per day)
CL constant forXL estimation (dimensionless)
CM constant forM estimation (dimensionless)
CT constant forXT estimation (dimensionless)
d0 initial diameter of solid particle (m)
DEST the estimated values according to the

kinetic models
DEXP experimental data
f weight fraction of zinc in mineral

(dimensionless)
[Fe2+] ferrous iron concentration (kg/m3)
[Fe3+] ferric iron concentration (kg/m3)
[Fe3+]0 initial concentration of ferric iron in

liquid phase (kg/m3)
hL transfer coefficient constant forXL

estimation (m3/cells per day)
hT transfer coefficient constant forXT

estimation (m3/cells per day)
J ratio of atomic weight of Fe to Zn

(dimensionless)
kc reaction rate constant of ferric iron

leaching (m/day)
KA equilibrium constant for cell adsorption

(m3/cell)
KL constant, maximum free bacteria

concentration (cells/m3)
KM constant, forM estimation (kg/m3)
KT constant, maximum total bacteria

concentration (cells/m3)
KZF rate constant of dissolution of ZnS

by Fe3+ (m3/h kg)
M concentration of substrate leached

(=W0 − W) (kg/m3)
MD mean deviation
N number of experimental runs

(dimensionless)
t time (day)
V total volume of solid–liquid mixture (m3)
W concentration of substrate in solid–liquid

mixture (kg/m3)
W0 initial concentration of substrate

in solid–liquid mixture (kg/m3)
Xa bacteria adsorbed per unit surface

of substrate (cells/m2)
Xam maximum adsorption capacity per

unit surface area of particles (cell/m2)

XL concentration of free bacteria in
liquid phase (cells/m3)

XL0 initial concentration of free bacteria
in liquid phase (cells/m3)

XT concentration of total bacteria in
solid–liquid mixture (cells/m3)

XT0 initial concentration of total
bacteria in solid–liquid mixture (cells/m3)

Y growth yield on solid substrate (cells/kg)
YA growth yield of bacteria on solid mineral

(cells/kg mineral)
YL growth yield of bacteria on ferrous iron

(cells/kg Fe)
[Zn] concentration of zinc in liquid phase

(kg/m3)

Greek letters
α fraction of zinc sulfide dissolved

(dimensionless)
µ, µA specific growth rate of bacteria on

solid surface (per day)
µm maximum specific growth rate of

bacteria on liquid phase (h−1)

and manganese dioxide in the presence of iron-oxidizing
bacteria[19]. Li [20] studied the effect of temperature on
the mechanism of simultaneous leaching of zinc sulfide
concentrate and manganese and obtained the activation
energy for this process. In addition, Yukawa et al.[21] pre-
sented a kinetic model for the batch leaching of CuFeS2, in
which the rate of direct bioleaching was assumed to be pro-
portional to the concentration of free cells in the solution.
However, their model predicted much higher leaching rates
than the experimentally observed results. In the previous
models proposed by Gormely et al.[22] and Chang and My-
erson[23], it was assumed that the growth rate of bacteria
adsorbed on the mineral is proportional only to the con-
centration of adsorbed cells. In contrast, Konishi et al.[24]
claimed that in a batch reactor, the growth rate of bacteria
adsorbed on a FeS2 surface is proportional to the product
of the concentration of adsorbed cells and the fraction of
adsorption sites unoccupied by cells. They also emphasized
that the observed sigmoidal shape of leaching curves can
be predicted only by this rate equation. However, the effect
of particle size on the growth kinetics has not yet been
addressed experimentally and theoretically in their model.

Many factors such as the source and concentration of the
microorganism, the concentration, composition, and phys-
ical characteristics (particle size, shape, distribution, and
porosity, etc.) of the solid substrate, the concentrations of
the leaching products and byproducts, and the leaching con-
ditions (pH, temperature, agitation, etc.) have been shown to
affect the bioleaching process significantly, thus restricting
the universal applications of the above-mentioned kinetic
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models. In addition, too many assumptions were made to
simplify the mathematical models, resulting in poor fitting
of the experimental data. The purposes of this work are: (1)
to obtain a semiempirical model for bacterial growth and bi-
oleaching ofAcidithiobacillus spp. based on the concept of
transport phenomena and (2) to compare our model with the
previous kinetic models proposed by Asai et al.[17], Kon-
ishi et al. [15,16], Gourdon and Funtowicz[18], and Kai
et al.[19]. The results show that our model can fit data well
from different experimental sets, even better than the origi-
nal models. In addition, the number of parameters required
to fit the mathematical equation is significantly reduced
in our model. Both bacterial growth and bioleaching of
Acidithiobacillus spp. can be predicted using the same form
of mathematical equation, with the only difference being the
parameters calculated to fit the equation. In conclusion, the
semiempirical model proposed in this study dramatically re-
duces the complexity of predicting the bioleaching process.

2. Mathematical model

2.1. The concentration of cells suspended in the solution

Based on the concept of transport phenomena, the growth
rate of bacteria can be considered as the product of driving
force and transfer coefficient as follows:
dXT

dt
= (transfer coefficient)(driving force) (2.1)

whereXT is the total cell concentration at timet. If the max-
imum amount of cell obtained isKT, then the driving force
in Eq. (2.1)becomes (KT − XT). We further assumed that
the transfer coefficient is proportional to the cell concentra-
tion at timet, that is,hTXT, wherehT is a constant, therefore
Eq. (2.1)becomes

dXT

dt
= hTXT(KT − XT) (2.2)

Eq. (2.2)describes the growth kinetics of the bacterial well,
such that:

(1) WhenXT = 0, then dXT/dt = 0. It indicates that the
growth rate is equal to zero when no cells exist.

(2) WhenKT is extremely higher thanXT, the growth of
the microorganism enters the exponential growth phase,
such as
dXT

dt
= hTXT(KT − XT) ∼= hTKTXT (2.3)

(3) WhenXT > 0.5KT, the growth of the microorganism
reaches the decelerated growth phase, such as

d2XT

dt2
= hT(KT − XT) − hTXT = hT(KT − 2XT),

d2XT

dt2
< 0 forXT > 0.5KT (2.4)

(4) When XT = KT, the growth rate becomes zero and
the cell concentration reaches its maximum (stationary
growth phase), such as

dXT

dt
= hTXT(KT − XT) = 0 forXT = KT (2.5)

By integratingEq. (2.2), an equation of total cell con-
centration versus time is obtained

ln

(
XT

KT − XT

)
= KThTt + CT (2.6)

XT

KT − XT
= exp(KThTt) exp(CT) = AT exp(BTt)

(2.7)

XT = KTAT exp(BTt)

1 + AT exp(BTt)
(2.8)

where AT = exp(CT) and BT = KThT. A simple
three-parameter equation is thus obtained to describe
the total concentration of bacteria versus time. The total
amount of cells (XT) is the sum of the amount of cells
attached to the solid substrates (XA) and the amount
of cells suspended in the liquid medium (XL). We as-
sumed thatXA is negligible compared toXL, thusXT in
Eq. (2.8)can be replaced byXL as follows:

XL

KL − XL
= exp(KLhL t) exp(CL) = AL exp(BL t)

(2.9)

XL = KLAL exp(BL t)

1 + AL exp(BL t)
(2.10)

whereAL = exp(CL) andBL = KLhL. This is again
a simple three-parameter equation to describe the con-
centration of bacteria suspended in the liquid medium.

2.2. The amount of solid substrate leached by the
microorganism

If the initial concentration of solid substrate and total
amount of cells areW0 andXT0, respectively, and the growth
yield of bacterial on solid substrate is assumed to be a con-
stant,Y, the following equations can be obtained based on
mass balance:

dXT

dt
= −Y

dW

dt
(2.11)

M = W0 − W = 1

Y
(XT − XT0) ∼= 1

Y
(XL − XL0) (2.12)

whereM is the amount of solid substrate leached. According
to Eq. (2.10)and settingt = 0, one gets

XL0 = KLAL

1 + AL
(2.13)
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By substitutingEqs. (2.10) and (2.13)into Eq. (2.12), one
gets

M = 1

Y

(
KLAL exp(BL t)

1 + AL exp(BL t)
− KLAL

1 + AL

)
(2.14)

It is obvious that the growth yield of bacteria on solid sub-
strate,Y, is not constant. Besides, there are twoY values
to be considered in bioleaching system: one is from di-
rect leaching,Y1, and the other from indirect leaching,Y2.
Thus,Eq. (2.14)is not considered a good model to predict
the amount of solid substrate leached precisely. Instead of
regardingY as an adjustable parameter in the curve-fitting
exercise based on the above theoretical calculations, we
audaciously assume that the behavior of bioleaching is sim-
ilar to that of bacterial growth. Thus, the amount of solid
substrates leached by the microorganism can be expressed
as the similar form ofEq. (2.10), that is

M = KMAM exp(BMt)

1 + AM exp(BMt)
(2.15)

whereAM = exp(CM). Considering whent = 0, the amount
of solid substrates leached should be zero, thusEq. (2.15)
is modified as follows:

M = KMAM exp(BMt)

1 + AM exp(BMt)
− KMAM

1 + AM

(2.16)

Again, Eq. (2.16)is a simple three-parameter equation to
describe the amount of solid substrate leached by the mi-
croorganism. Interestingly,Eq. (2.16)has been shown to fit
the five sets of experimental data better thanEq. (2.14), par-
ticularly in the beginning of the leaching experiments (data
not shown).

Table 1
The proposed semiempirical model in this study and the previous kinetic models

Model Mathematical equations Remarks

Semiempirical model XL = KLAL exp(BL t)

1 + AL exp(BL t)
, M = KMAM exp(BMt)

1 + AM exp(BMt)
− KMAM

1 + AM

Model proposed in this study

Konishi et al.[16]
dXT

dt
= µ

(
W0

V

) (
W

W0

)2/3
KAXm0XL

(1 + KAXL )2
,

−dW

dt
= µ

(
W0

Y

) (
W

W0

)2/3
KAXm0XL

(1 + KAXL )2

Direct leaching byA. ferrooxidans

Gourdon and Funtowicz
[18]

dXT

dt
= µ

6KAXamW0

d0ρ

(
W

W0

)2/3
XL

1 + KAXL
,

W = W0 − V

3
(C − C0)

Direct leaching byA. thiooxidans

Konishi et al.[15]
dXT

dt
= µA

KAXamXL

(1 + KAXL )2

A

V
+ 2YLkc[Fe3+]0

A

V
(1 − aBXa),

d[Zn]

dt
= f

YA
µA

KAXamXL

(1 + KAXL )2

A

V
+ kc[Fe3+]0A(1 − aBXa)

JV

Direct and indirect leaching by
A. ferrooxidans

Kai et al. [19]
dXT

dt
= µA

KAXamXL

(1 + KAXL )2

A

V
+ µm

XL [Fe2+]

Ks + [Fe2+]
Direct and indirect leaching by
A. ferrooxidans

Asai et al.[17]
dXT

dt
= µ

(
W0

V

) (
W

W0

)2/3
KAXm0XL

(1 + KAXL )2

(
1 + fYL

YA

)
,
M

V
= f(XT − XT0)

YA + fYL
Simultaneous leaching byA. ferrooxidans

2.3. Evaluation of the mathematical models

The mean deviation (MD) is the first measure of disper-
sion that we will use that actually uses each data value in its
computation. It is the mean of the distances between each
value and the mean. It gives us an idea of how spread out
from the center the set of values is. Thus, it was used to
evaluate the proposed semiempirical model and the previous
kinetic models. MD is defined as follows:

MD = 1

N

N∑
1

|DEXP − DEST| (2.17)

whereN is the number of experimental runs, andDEXP and
DEST are the experimental data and the estimated values
according to these models, respectively.

2.4. Experimental data

The experimental data used in the present study were
extracted from previous work by Asai et al.[17], Konishi
et al. [15,16], Gourdon and Funtowicz[18], and Kai et al.
[19]. All these work studies the kinetic models usingA.
ferrooxidans, except for the work by Gourdon and Funtowicz
[18], in which A. thiooxidans was used.

3. Results and discussion

The proposed semiempirical model in this study and the
previous kinetic models are summarized inTable 1. It is
obvious that our model is the simplest one to describe the
bacterial growth and bioleaching among these models, with
the number of parameters required to fit the mathematical
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equation being reduced to 3 (i.e.,KL, BL, andCL for pre-
dicting the cell concentration in the liquid medium andKM ,
BM , and CM for predicting the amount of solid substrate
leached). The comparisons of the proposed semiempirical
model with the previous kinetic models are described in the
following sections.

3.1. The comparison of the semiempirical model with the
kinetic model proposed by Konishi et al. [16]

Several experiments were conducted to examine the ad-
sorption behavior ofA. ferrooxidans onto elemental sulfur
by Konishi et al.[16]. They found that the free cells in the
liquid phase were extensively adsorbed on the surface of
sulfur and the extent of adsorption depended strongly on the
sulfur–liquid loading ratio. The concentration of adsorbed
cells,XA, approached a limiting value, whereas the concen-
tration of free cells in the liquid,XL, continued to increase
with time. They also demonstrated that elemental sulfur was
completely oxidized to sulfuric acid by mass balance with re-
spect to sulfur. To describe cell growth and related substrate
consumption, Konishi et al.[16] established a metabolic sto-
ichiometry based on the similar approaches, in which the ki-
netics of batch bioleaching of mineral pyrite (FeS2) [17,24],
coal pyrite[25], and sphalerite (ZnS)[15] were described.
According to these models, the growth rate of adsorbed cells
on a solid substrate is assumed to be directly proportional
to the product of the concentration of adsorbed cells and the
fraction of adsorption sites unoccupied by cells, which is in
contrast to the assumption made by Yukawa et al.[21], in
which the rate of direct bioleaching was assumed to be pro-
portional to the concentration of free cells in the solution.

In order to evaluate the semiempirical model proposed
in this study and the kinetic model proposed by Konishi
et al. [16], the data of the concentration of free cells and
the amount of sulfur leached were extracted from their ex-
periments.Fig. 1 shows the results of our model fitting to
their experimental data emphasizing the effects of medium
pH, initial sulfur–liquid loading ratio, and initial total cell
concentration on bacterial growth and sulfur oxidation. The
parameters used to fit their experimental data are given in
Table 2. It is obvious that our model fits their experimen-
tal data explicitly well. The values of MD after fitting their
experimental data by our model range from 0.0171× 1015

to 0.1320×1015 cells/m3 for the free cell concentration and
from 0.0798 to 0.2161 kg S/m3 for the sulfur oxidized as
listed inTable 2. These values are all smaller than the corre-
sponding values after fitting with the kinetic model proposed
by Konishi et al.[16], indicating that our model fits the ex-
perimental data even better than their original kinetic model.

3.2. The comparison of the proposed model with the
kinetic model proposed by Gourdon and Funtowicz [18]

Gourdon and Funtowicz[18] proposed a kinetic model
of elemental sulfur oxidation byA. thiooxidans in batch
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Fig. 1. The experimental data from Konishi et al.[16] after fitting with
the semiempirical model proposed in this study (solid curves): (A) the
concentration of free bacteria in the liquid medium; (B) the sulfur oxidized.
Symbols: the initial sulfur–liquid loading ratio of 10 kg/m3, pH 2.0–0.9
at an initial total cell concentration of 1.01×1013 cells/m3 (�); the initial
total cell concentration of 1.26× 1012 cells/m3 (�); 1.01× 1013 cells/m3

(�); 1.26× 1014 cells/m3 (�); 1.35× 1015 cells/m3 (�) and medium pH
2.0–0.7 at an initial sulfur–liquid loading ratio of 20 kg/m3.

slurry reactors by integrating some of the commonly ac-
cepted assumptions made for the modeling of metal sulfide
bacterial oxidation in aqueous suspension. They assumed
that the growth is proportional only to the concentration
of attached bacteria, which is in contradiction with the
assumption of Konishi et al.[16] who considered that the
growth rate of bacteria attached to solid surfaces of metal
sulfides or elemental sulfur is proportional to the product
of the concentration of attached bacteria and the fraction of
adsorption sites unoccupied by bacteria. The attachment of
the cells onto the surface of the sulfur particles was consid-
ered following Freundlich isotherm. The model considers
that sulfur particles have a uniform mass distribution in
the range of particle sized used and that the particle size
may only decrease during incubation due to sulfur oxida-
tion and sulfate solubilization. However, their experimental
results have shown that this assumption is not valid during
incubation when sulfur concentration is relatively high.

In order to evaluate the semiempirical model proposed
in this study and the kinetic model proposed by Gourdon
and Funtowicz[18], the data of the concentrations of free
cells and sulfate were extracted from their experiments. The
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Table 2
The parameters used to fit the experimental data by Konishi et al.[16] and the mean deviations after fitting by our model and the kinetic model proposed
by Konishi et al.[16]

Experimental data sets Parameters MD (×1015 cells/m3)

KL (×1015 cells/m3) BL (per day) CL (dimensionless) Our model Konishi et al.[16]

Set 1 (�) 2.00 0.34 −3.4 0.0346 0.1094
Set 2 (�) 4.00 0.34 −3.7 0.0242 0.1365
Set 3 (�) 3.10 0.42 −4.65 0.0171 0.1091
Set 4 (�) 4.60 0.24 −2.25 0.1320 0.1331
Set 5 (�) 3.90 0.34 −1.65 0.0634 0.2915

Parameters MD (kg S/m3)

KM (kg S/m3) BM (per day) CM (dimensionless) Our model Konishi et al.[16]

Set 1 (�) 5.00 0.28 −3.2 0.0798 0.1767
Set 2 (�) 5.80 0.46 −3.7 0.1926 0.3226
Set 3 (�) 5.00 0.48 −4.2 0.1521 0.1685
Set 4 (�) 8.50 0.24 −1.3 0.0717 0.1368
Set 5 (�) 6.20 0.28 −1.0 0.2161 0.2983

results of our model fitting to their experimental data are
shown inFig. 2 and the parameters used to fit their exper-
imental data are given inTable 3. Our model did not fit
their experimental data of bacterial growth well compared
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Fig. 2. The experimental data from Gourdon and Funtowicz[18] after
fitting with the semiempirical model proposed in this study (solid curves):
(A) the concentration of free bacteria in the liquid medium; (B) the
sulfate production. The experiments were carried out at 30◦C in the
aerated slurry reactor with the initial concentrations of 20 kg S/m3 and
XL0 = 1.25× 1013 cells/m3. Closed circles (�) indicate the experimental
data.

to the results of data fitting by their original model, with the
MD value (0.5402× 1015 cells/m3) slightly higher than that
after curve fitting by their model (0.4338× 1015 cells/m3).
In contrast, our model fit their experimental data of sul-
fate production better than their model, with the MD value
(0.1868 kg Zn/m3) slightly lower than that after fitting by
their model (0.2200 kg Zn/m3). As shown inFig. 2, the rate
of sulfate production by sulfur oxidation increases in the first
few days of incubation. Attached cells grow on the sulfur
particles and the total number of attached cells in the reac-
tion volume increases. The rate of sulfur conversion there-
fore increases proportionally and the free cell concentration
in the liquid medium also increases due to the detachment
of part of the cells. In our model, the attachment of the bac-
teria onto the surface of sulfur particles was assumed to be
negligible comparing to the amount of free cells in the liq-
uid medium. Furthermore, the last data point measured by
Gourdon and Funtowicz[18] was taken at the 80th day of
incubation; it could be the experimental error to reduce the
accuracy of our curve fitting to their data.

3.3. The comparison of the proposed model with the
kinetic model proposed by Konishi et al. [15]

The theoretical approach reported in[15] was to gener-
ate a bioleaching model allowing for two mechanisms: the
direct and indirect bacterial actions. In the direct action,
bacteria multiply on the sulfide mineral which acts as a
solid substrate; part of the cells are released from the solid
surface into the liquid medium. When an iron-containing
medium is used in the bioleaching, ferric iron leaching
occurs with the formation of ferrous iron, which is readily
oxidized by A. ferrooxidans. According to this leaching
scheme, bacterial growth occurs not only on the sulfide
mineral but also in the liquid medium containing soluble
iron. Thus, the total growth rate is expressed as the sum
of the growth rate of adsorbed bacteria and the rate of free
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Table 3
The parameters used to fit the experimental data by Gourdon and Funtowicz[18] and the mean deviations after fitting by our model and the kinetic
model proposed by Gourdon and Funtowicz[18]

Experimental data sets Parameters MD (×1015 cells/m3)

KL (×1015 cells/m3) BL (per day) CL (dimensionless) Our model Gourdon and Funtowicz[18]

Set 1 (�) 6.10 0.32 −4.80 0.5402 0.4338

Parameters MD (kg S/m3)

KM (kg S/m3) BM (per day) CM (dimensionless) Our model Gourdon and Funtowicz[18]

Set 1 (�) 15.25 0.16 −2.60 0.2055 0.3025

bacterial in the liquid medium. After all, they developed
a very complicated mathematical model, which includes
several key parameters such as the adsorption equilibrium
constant, the maximum adsorption capacity, the reaction
rate constant, the specific growth rate, and the growth yield
of adsorbed bacteria. Many of these parameters are diffi-
cult to be measured, making this model somewhat user-
unfriendly.

In order to evaluate the semiempirical model proposed in
this study and the kinetic model proposed by Konishi et al.
[15], the data of the concentrations of free cells and zinc
leached in solution were extracted from their experiments.
Fig. 3 shows the results of our model fitting to their ex-
perimental data. These experiments were conducted to in-
vestigate the effects of initial ferric iron concentration and
initial solid–liquid loading ratio on bacterial growth and on
bioleaching rate. The parameters used to fit their experimen-
tal data are given inTable 4. It is obvious that our model
fits their experimental data explicitly well with the MD val-
ues ranging from 0.0132× 1014 to 0.3568× 1014 cells/m3

and from 0.0141 to 0.0518 kg Zn/m3 for the concentrations
of free cells and zinc leached in solution, respectively. All
these MD values are much smaller than the corresponding
MD values after fitting the experimental data by the original
model proposed by Konishi et al.[15]. Although the kinetic
model proposed by Konishi et al.[15] has taken into ac-
count the effects of the direct bacterial action and the ferric
iron leaching on the leaching rate, several key parameters
required to fit the rate expressions for the bacterial growth
and leaching were not experimentally determined in their
model, including the specific growth rate and the growth
yield. Although the theoretical approach by Konishi et al.
[15] has made them examine quantitatively the effects of
various operating variables in the same time, the goodness
of their model depends strongly on the accurate estimation
of these parameters by the complicated mathematical equa-
tions proposed, leading to large MD values after fitting the
experimental data by their kinetic model to evaluate the con-
centrations of free bacteria and zinc leached in solution. In
contrast, only three parameters are required in our semiem-
pirical model and they are directly determined from the ex-
perimental data sets, making our model more realistic on
predicting the experimental results.

3.4. The comparison of the proposed model with the
kinetic model proposed by Kai et al. [19]

Kai et al. [19] obtained a simplified kinetic equation
for the oxidative dissolution of zinc sulfide based on the
models proposed by Verbaan and Huberts[26] and Konishi
et al. [15]. Their equation considered particle shrinkage by
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Fig. 3. The experimental data from Konishi et al.[15] after fitting with
the semiempirical model proposed in this study (solid curves): (A) the
concentration of free bacteria in the liquid medium; (B) the concentration
of zinc leached in solution. Symbols: the initial sulfur–liquid loading ra-
tio of 10 kg/m3 at an initial total cell concentration of 1.5×1013 cells/m3

and [Fe3+]0 = 0 kg/m3 (�); the initial total cell concentration of
1.1 × 1013 cells/m3 and [Fe3+]0 = 0.3 kg/m3 (�); the initial total cell
concentration of 0.95× 1013 cells/m3 and [Fe3+]0 = 0.5 kg/m3 (�); and
the initial sulfur–liquid loading ratio of 20 kg/m3 at an initial total cell
concentration of 2.0 × 1013 cells/m3 and [Fe3+]0 = 0.5 kg/m3 (�).
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Table 4
The parameters used to fit the experimental data by Konishi et al.[15] and the mean deviations after fitting by our model and the kinetic model proposed
by Konishi et al.[15]

Experimental data sets Parameters MD (×1014 cells/m3)

KL (×1014 cells/m3) BL (per day) CL (dimensionless) Our model Konishi et al.[15]

Set 1 (�) 5.70 0.30 −2.05 0.1782 0.6975
Set 2 (�) 7.60 0.28 −1.95 0.1658 0.5888
Set 3 (�) 7.35 0.38 −3.20 0.0132 0.2042
Set 4 (�) 10.0 0.54 −2.95 0.3568 0.6256

Parameters MD (kg Zn/m3)

KM (kg Zn/m3) BM (per day) CM (dimensionless) Our model Konishi et al.[15]

Set 1 (�) 1.60 0.44 −2.55 0.0141 0.0808
Set 2 (�) 3.50 0.18 −1.00 0.0518 0.0814
Set 3 (�) 3.35 0.22 −1.00 0.0513 0.1215
Set 4 (�) 4.45 0.38 −1.05 0.0256 0.1342

dissolution, which is different from the previous assump-
tion that the particle size is constant with time[16]. By
adopting the model proposed by Konishi et al.[15] to fit the
experimental results, the model proposed by Kai et al.[19]
is similar to the Michaelis–Menten mechanism of enzyme
catalysis. Their kinetic model shows that the dissolution
rates of zinc sulfide and manganese dioxide are enhanced
by the presence of the iron-oxidizing bacteriumA. ferroox-
idans in the simultaneous leaching system. It is considered
that the bacterial oxidation of zinc sulfide and elemental
sulfur yielded on the surface of it might be effective for the
enhancement. The removal of elemental sulfur might also
improve the galvanic reaction rate. The leaching of zinc
sulfide byA. ferrooxidans has been intensively studied[27].
Boon et al.[28] have pointed out that the direct mechanism
is negligible based on their redox-stat experiments. In con-
trast, Konishi et al.[15] have shown that the direct leaching
could not be ignored when the concentration of irons was
low. In the study of Kai et al.[19], the extent of leaching
during the simultaneous dissolution withA. ferrooxidans
was determined.

In order to evaluate the semiempirical model proposed in
this study and the kinetic model proposed by Kai et al.[19],
the data of the concentrations of free cells and zinc leached
in solution were extracted from their experiments.Fig. 4
shows the results of our model fitting to their experimental
data. The parameters used to fit their experimental data are
given inTable 5. It is obvious that our model fit their experi-
mental data well, with the MD values for the concentrations
of free cells and zinc leached being 0.0341× 1014 cells/m3

and 0.0230 kg Zn/m3, respectively. These values are smaller
than those after fitting by the original model proposed by
Kai et al. [19], indicating that our model is superior to the
original one. Consequently, the semiempirical model pro-
posed in this study could predict the dissolution of zinc
sulfide during the simultaneous leaching. This model could
predict the dissolution even in the presence ofA. ferroox-
idans. Since our model is relatively simple comparing to

the theoretical calculations by Kai et al.[19], it would be
useful for the design of a leaching process and for the op-
timization of operating conditions of simultaneous leaching
systems.
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Fig. 4. The experimental data from Kai et al.[19] after fitting with the
semiempirical model proposed in this study (solid curves): (A) the con-
centration of free bacteria in the liquid medium; (B) the concentration
of zinc leached in solution. The experiments were carried out with the
initial concentrations of 10 kg ZnS/m3, XT0 = 1.0 × 1013 cells/m3, and
[Fe3+]0 = 0.1 kg/m3 at 30◦C. Closed circles (�) indicate the experimen-
tal data.



H.-L. Liu et al. / Chemical Engineering Journal 99 (2004) 77–87 85

Table 5
The parameters used to fit the experimental data by Kai et al.[19] and the mean deviations after fitting by our model and the kinetic model proposed
by Kai et al. [19]

Experimental data sets Parameters MD (×1014 cells/m3)

KL (×1014 cells/m3) BL (per day) CL (dimensionless) Our model Kai et al.[19]

Set 1 (�) 2.40 0.48 −2.95 0.0341 0.0585

Parameters MD (kg Zn/m3)

KM (kg Zn/m3) BM (per day) CM (dimensionless) Our model Kai et al.[19]

Set 1 (�) 1.75 0.48 −2.85 0.0230 0.0519

3.5. The comparison of the proposed model with the
kinetic model proposed by Asai et al. [17]

A kinetic model was proposed to describe the batch
growth in the dissolution of pyrite caused by the direct mi-
crobial action by Konishi et al.[24], in which the growth
rate of adsorbed bacteria was assumed to depend on the
fraction of adsorption sites unoccupied by bacteria and to
be proportional to the dissolution rate of pyrite as a solid
substrate. Unlike the assumptions made by Konishi et al.
[24] that the key parameters: specific growth rate of bacte-
ria on solid surface, the growth yield of bacteria on pyrite
sulfur, and the equilibrium constant for cell adsorption
are independent of particle size, the maximum adsorption
capacity per unit weight of solid particle is a function of
particle size in the model proposed by Asai et al.[17]. The
modified model was then used to simulate the dissolution
behavior of pyrite particles byA. ferrooxidans in a batch
bioreactor for different operating variables such as the ini-
tial particle size, the initial cell concentration, and the initial
pyrite–liquid loading ratio. Experimental studies were made
on the adsorption of bacteria on pyrite particles as well as
the bacterial dissolution of pyrite. The Langmuir isotherm
was then used to fit the adsorption data. Their kinetic model
shows that the equilibrium constant was independent of the
particle size, whereas the maximum adsorption capacity
per unit weight of pyrite increased with decreasing particle
size. The evaluated kinetic parameters were found to be
independent of the initial particle size.

In order to evaluate the semiempirical model proposed
in this study and the kinetic model proposed by Asai et al.
[17], the data of the concentrations of free cells and total
iron leached in solution were extracted from their experi-
ments.Fig. 5 shows the results of our model fitting to their
experimental data. The parameters used to fit their experi-
mental data are given inTable 6. It is obvious that our model
fit their experimental data well with the MD values for the
concentrations of free cells and iron leached being ranging
from 0.0818× 1014 to 0.4430× 1014 cells/m3 and 0.0167
to 0.0577 kg Fe/m3, respectively. These values are smaller
than those after fitting by the original model proposed by
Asai et al.[17], indicating that our model fits the experi-
mental data even better than the original model. According

to Asai et al.[17], four complicated mathematical equations
were required to establish the respective effects of the ini-
tial particle size, the initial cell concentration, and the ini-
tial solid–liquid loading ratio on bioleaching. In contrast,
only one simple equation with three parameters is enough
to evaluate these effects on bioleaching in our semiempiri-
cal model, indicating that the proposed model in this study
can be successfully used to predict the bacterial dissolution
behavior for different operating conditions.
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Fig. 5. The experimental data from Asai et al.[17] after fitting with
the semiempirical model proposed in this study (solid curves): (A) the
concentration of free bacteria in the liquid medium; (B) the concentra-
tion of total iron leached in solution. Symbols: 10 kg pyrite/m3, particle
size 149–177�m, [Fe]T0 = 0.35 kg/m3, andXT0 = 2.53× 1014 cells/m3

(�); 10 kg pyrite/m3, particle size 63–88�m, [Fe]T0 = 0.35 kg/m3, and
XT0 = 1.02× 1014 cells/m3 (�); 10 kg pyrite/m3, particle size 53–63�m,
[Fe]T0 = 0.35 kg/m3, andXT0 = 1.02× 1014 cells/m3 (�).
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Table 6
The parameters used to fit the experimental data by Asai et al.[17] and the mean deviations after fitting by our model and the kinetic model proposed
by Asai et al.[17]

Experimental data sets Parameters MD (×1014 cells/m3)

KL (×1014 cells/m3) BL (per day) CL (dimensionless) Our model Asai et al.[17]

Set 1 (�) 9.45 0.14 −1.00 0.0818 0.5407
Set 2 (�) 11.6 0.28 −2.15 0.0844 0.2171
Set 3 (�) 16.8 0.26 −2.00 0.4430 0.4891

Parameters MD (kg Fe/m3)

KM (kg Fe/m3) BM (per day) CM (dimensionless) Our model Asai et al.[17]

Set 1 (�) 0.50 0.44 −1.60 0.0167 0.0609
Set 2 (�) 4.80 0.08 −1.00 0.0577 0.0689
Set 3 (�) 3.30 0.20 −1.85 0.0242 0.1031

4. Conclusions

In this study, a semiempirical model for bacterial growth
and bioleaching ofAcidithiobacillus spp. was developed
based on the concept of transport phenomena. Only three pa-
rameters are required to fit the mathematical equation. This
model was used to fit the experimental data from previous
studies[15–19] and was compared with the corresponding
kinetic models. The results show that our model describes
the complicated bioleaching process explicitly well, regard-
less of the source and concentration of the microorganism,
the concentration, composition, and physical characteristics
(particle size, shape, distribution, and porosity, etc.) of the
solid substrate, the concentrations of the leaching products
and byproducts, and the leaching conditions (pH, tempera-
ture, agitation, etc.). In addition, our model can be applied to
predict the bacterial growth and bioleaching behaviors in dif-
ferent leaching systems, i.e. direct, indirect, direct and indi-
rect, and simultaneous leaching. However, the disadvantage
in applying the proposed model is that no obvious physical
meanings can be obtained regarding these three parameters.
Although the sensitive analysis shows that no direct correla-
tions were observed among these three parameters (data not
shown), probably due to the limited experimental data sets,
no conclusion can be made whether these three parameters
are correlated to one another when more experimental data
sets are available.
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